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Abstract. Collective modes of interacting many-body systems can be related to motion on classi-
cally invariant manifolds. We introduce suitable coordinate systems. These coordinates are Carte-
sian in position and momentum space. They are collective since several components vanish for
motion on the invariant manifold. We make a connection to Zickendraht’s collective coordinates
and also obtain shear modes. The importance of collective configurations depends on the stability
of the manifold. We present an example of quantum collective motion on the manifold.
INTRODUCTION
Interacting many-body systems such as atomic nuclei display regular and collective
motion as well as complex and chaotic behavior. The interplay of chaotic motion and
collective behavior is of particular interest and has been studied for many years. Several
authors have investigated models which exhibit chaotic single-particle dynamics in
slowly oscillating mean-field potentials [1, 2, 3, 4, 5, 6, 7]. While these models may
yield damping and equilibration of the collective mode, they neglect the residual two-
body interaction. For the special case of attractive, billiard-like two-body interactions the
many-body aspects of collective motion can be studied within the framework of classical
dynamics [8].
Here we present an alternative and more general approach to the problem. It is based
on the observation that any rotationally invariant system of identical interacting parti-
cles possesses low dimensional invariant manifolds in phase space [9]. On such mani-
folds, the classical motion displays largely collective behavior and decouples from more
complex single-particle behavior. The importance of a given invariant manifold depends
crucially on its stability properties. If the manifold under consideration is sufficiently
stable in transverse directions, the quantum system may exhibit wave function scarring
[10, 11, 12] or display a strong revival for wave-packets localized to the vicinity of the
manifold [13]. These findings may be directly associated with the slow decay of collec-
tive motion despite of the coupling between collective and single-particle motion.
Suitably adapted coordinates for motion on the invariant manifold separate single-
particle motion from the collective motion on the manifold [14]. For some types of
collective motion, the adapted coordinates can be related to collective coordinates intro-
duced by Zickendraht [16] about thirty years ago. However, the natural coordinates for
invariant manifolds are capable of more complicated collective motion such as shearing
modes [15].
This contribution is divided as follows. First, we define invariant manifolds in in-
teracting many-body systems and introduce suitable coordinates. Second, we make a
connection with the Zickendraht coordinates. Third, we present an example and show
that quantum collective motion decays slowly close to invariant manifolds which are not
too unstable. Finally we give a summary.
INVARIANT MANIFOLDS AND ADAPTED COORDINATES
Consider rotationally invariant systems of N identical particles in d spatial dimensions
(d  2 or d  3). The Hamiltonian is invariant under both, the action of the rotation
group O(d) and the group of permutations SN . One may now take a finite subgroup 	

O(d) with elements g and properly chosen permutations P  g  such that
gP  1  g p q p q   g 
	
p  p1 ff pNd q  q1  qNd  (1)
for points p q  on some invariant submanifold in phase space. On such a manifold,
the action of the rotations g 
	 can be canceled by permutations. These permutations
clearly form a subgroup isomorphic to 	 .
Fig. 1 shows a configuration of four particles in two spatial dimensions that corre-
sponds to a point on an invariant manifold. The operations of elements from the discrete
symmetry group 	  C2v can be undone by suitable permutations. This leads to a col-
lective motion with two degrees of freedom which will be shown to be vibrations.
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FIGURE 1. Collective configuration on invariant manifold. Positions are indicated by filled circles and
momenta by arrows.
Fig. 2 shows two spatial configurations of eight (2a) and six (2b) particles, respec-
tively which display a D4h symmetry. If initial momenta display the same symmetry the
motion on the invariant manifold will have two degrees of freedom. For eight particles
the radii of the two circles will oscillate synchronously, and the two circles will vibrate
against each other. For the six particles we will have a vibration of the radius of the
circle and of the two particles along the vertical axis. We may choose initial momenta
to reduce the symmetry group to C4h which will allow rotations around the vertical axis
and thus add an additional degree of freedom. For eight particles we could alternatively
choose initial conditions that are limited to a D4 symmetry. Besides the vibrations dis-
cussed above this allows for a shearing motion of the two circles thus yielding again
three degrees of freedom. Further reductions of symmetry will yield different invariant
manifolds with varying degrees of freedom. We will see this exemplified by explicit
construction of coordinates.
(a) (b)
FIGURE 2. Configurations of eight (a) or six (b) particles in three dimensions that correspond to
invariant manifolds. Positions are indicated by filled circles.
We may use the definition (1) directly for the construction of coordinate systems
where non collective coordinates vanish for motion on the invariant manifold. For this
purpose we consider the many-body system in Cartesian coordinates in momentum
and position space. In what follows we will consider orthogonal transformations in
configuration space only; momenta will be subject to the same transformation.
In a Cartesian coordinate system each element g  	 and each permutation P  g  can
be represented by an orthogonal matrix Mg and Pg of dimension Nd. It is clear that the
products MgPTg form a matrix group fi that acts onto position and momentum space,
respectively. The construction of the coordinate system is now straightforward. Every
vector p and q may be expanded in basis vectors of the irreducible representations (IRs)
of fi by means of projectors [17].
Πν  ∑
g flffi
χ  ν !g MgPTg  (2)
Here χ  ν !g denotes the character of g in the ν’th IR. The projection onto the identical IR
defines the invariant manifold. Note that the identical representation is one-dimensional
while the invariant manifolds of interest typically have higher dimensionality. We can
find independent vectors on the manifold by projecting from different vectors, but in
practice the construction of the independent vectors seems to be unproblematic as we
shall see in the example.
ZICKENDRAHT’S COORDINATES AND INVARIANT
MANIFOLDS
About thirty years ago Zickendraht [16] introduced a set of collective coordinates to
describe nuclear vibrations and rotations, as well as their coupling with single particle
motion. We shall compare these coordinates correspond to the ones we introduced in
the previous sections. On one hand this will allow to identify certain vibrational modes
of a many-body system with invariant manifolds. On the other hand we shall see that
our procedure proposes collective movements that are not of the type described easily in
Zickendraht’s coordinates.
Following Zickendraht [16] we write the coordinates ri of the ith particle in the center
of mass system as
ri  si1 y1 " si2 y2 " si3 y3  i  1 ff N (3)
where the yi span the inertia ellipsoid and sik are called single-particle coordinates. The
newly introduced coordinates yi and si j are not independent. The constraints are yi # y j 
yiy jδi j  i  j  1  2  3; ∑Ni $ 0 si j  0  j  1  2  3, and ∑Ni $ 0 si j sik  δ jk  j  k  1  2  3.
The first six equations ensure the orthogonality and normalization of the principal axis
of the inertia ellipsoid whereas the next three equations fix the origin at the center of
mass system. The last six equations are orthogonality relations of the single-particle
coordinates. In the center of mass system, one may therefore characterize the N-body
system by its inertia ellipsoid (e.g. three Euler angles of the principle axis and three
moments of inertia) and 3N % 9 single particle coordinates. The moments of inertia Ii
are related to the coordinates yi by
I1  m  y22 " y
2
3  I2  m  y
2
1 " y
2
3  I3  m  y
2
1 " y
2
2  (4)
where m denotes the mass of the particles.
It is interesting to determine those configurations, where the motion of the many-
body system may be described in terms of the collective coordinates yi only. While
such motion would be restricted to some invariant manifold in phase space it would
not obviously be one of those defined by eq. (1). We may however determine invariant
manifolds (1) such that the motion on the manifold changes only the inertia ellipsoid of
the system and hence may be described entirely by Zickendraht’s collective coordinates
yi. Two necessary conditions define this situation. First, the number of coordinates on
such invariant manifolds may not exceed six. Second, every motion on such invariant
manifolds has to change the inertia ellipsoid of the many-body system.
For simplicity let us start with the a system of four particles in two spatial dimensions
and the invariant manifold displayed in Fig. 1, i.e.
r1 
&
x
y '  r2 
&
x
% y '  r3 
&
% x
% y '  r4 
&
% x
y ' 
and the momenta are chosen by replacing x ( px  y ( py. Computation of the moments
of inertia yield the collective Zickendraht coordinates y1  2x, y2  2y. On the invariant
manifold the remaining coordinates are given by s11  s12  s21 )% s22 *% s31 
% s32 +% s41  s42  1 , 2. This shows that every motion on the invariant manifold
changes the moments of inertia only and therefore decouples from the single-particle
motion.
Consider next the example of an eight-body system in three dimensions. Let
r1  -.
x
y
z
/0
 r2  -.
% y
x
z
/0
 r3  -.
% x
% y
z
/0
 r4  -.
y
% x
z
/0
 r4 1 i ri  z 23% z  (5)
denote a configuration restricted to the invariant manifold displayed in Fig. 2 (a) with
C4h symmetry. (The momenta are chosen by replacing x ( px  y ( py  z ( pz in eq.(5).)
The moments of inertia are I1  I2  4m  x2 " y2  " 8mz2  I3  8m  x2 " y2  and yield
collective coordinates (4) y21  y22  4  x2 " y2  y23  8z2. Since the inertia ellipsoid is
symmetric we have freedom in the choice of two of its principle axis. Using
y1  2 -.
x
y
0
/0
 y2  2 -.
% y
x
0
/0
 y3 54 8 -.
0
0
z
/0

one obtains constant single-particles coordinates s11 6% s31  s51 6% s71  s22 
% s42  s62 7% s82  1 , 2  s13  s23  s33  s43 5% s53 5% s63 5% s73 7% s83  1 , 4 8
for the motion on the invariant manifold. Thus, on the invariant manifold the single-
particle motion decouples from the collective one. Similar results hold for the six particle
configuration displayed in Fig. 2.
It is also instructive to consider a more complex situation. The configuration
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displays D4 symmetry and differs from configuration (5) by a shearing motion. Like
in the previous example, the moments of inertia are given by I1  I2  4m  x2 " y2  "
8mz2  I3  8m  x2 " y2  and the ellipsoid of inertia is symmetric. However, no choice of
the principal axis allows to fulfill eqs. (3) with constant single-particle coordinates si j.
Therefore, single-particle degrees of freedom depend on collective degrees of freedom
and a decoupling does not exist using Zickendraht’s coordinate system. However, decou-
pling is achieved if we use the projector (2) and find coordinates on the invariant mani-
fold and perpendicular to it. The collective motion does not correspond to vibrations or
rotations of the inertia ellipsoid only. These findings are interesting e.g. in relation with
with the magnetic dipole mode in nuclei [15] since this type of collective behavior is
associated with a shearing motion.
A SIMPLE ILLUSTRATION
Let us consider a system of four particles in two dimensions with quartic one- and two-
body interactions. The invariant manifold of Fig. 1 is defined as those points which
are invariant under fi )8 E  σxP
 
12 !
 
34 !  σyP
 
14 !
 
23 !  C2P
 
13 !
 
24 !:9 . Here E denotes the
identity, P a permutation of particles as indicated, σ a reflection at the axis indicated,
and C2 a rotation about pi. Thus, fi  C2v with four IRs labeled by ν  A1  B1  A2  B2
[17]. Let q * x1  x2  x3  x4  y1  y2  y3  y4  denote a coordinate vector in position space
(xi  yi denote the coordinates of the i’th particle). We have
E q   x1  x2  x3  x4  y1  y2  y3  y4 
σxP
 
12 !
 
34 ! q   x2  x1  x4  x3 % y2 % y1 % y4 % y3 
C2P
 
13 !
 
24 ! q  % x3 :% x4 % x1 % x2 :% y3 % y4 % y1 % y2 
σyP
 
14 !
 
23 ! q  % x4 :% x3 % x2 % x1  y4  y3  y2  y1 
From the character table of C2v [17] and the projectors (2) one obtains the following
basis vectors corresponding to the IR labeled by
A1 : e ;1  1  1 % 1 % 1  0  0  0  0 , 2  e ;2  0  0  0  0  1 % 1 % 1  1 , 2 
B1 : e ;3  1  1  1  1  0  0  0  0 , 2  e ;4  0  0  0  0  1 % 1  1 % 1 , 2 
A2 : e ;5  1 % 1 :% 1  1  0  0  0  0 , 2  e ;6  0  0  0  0  1  1 % 1 % 1 , 2 
B2 : e ;7  1 % 1  1 % 1  0  0  0  0 , 2  e ;8  0  0  0  0  1  1  1  1 , 2 
The vectors associated with the identical IR A1 span the two-dimensional invariant man-
ifold and the vectors associated with the IRs B1  A2  B2 span the transverse directions.
Having specified the invariant manifold and appropriate coordinates we now consider
the interacting four-body system with the Hamiltonian
H 
4
∑
i $ 1 <
 p2xi " p
2
yi :, 2 " 16  x
2
i " y
2
i 
2 =
% ∑
i > j ?
 xi % x j  2 "  yi % y j  2 @
2
 (6)
The stability of the invariant manifold defined above has been studied by computing
the full phase space monodromy matrix of several periodic orbits that are inside the
invariant manifold [13]. It was found that several orbits are linearly stable in transverse
directions or possess rather small transverse stability exponents, while the motion inside
the manifold is strongly chaotic.
Let us investigate the decay of collective motion in the corresponding quantum
system. To this purpose we consider the time evolution of a Gaussian wave packet
Ψ  r  t  that initially is localized on the invariant manifold. The autocorrelation func-
tion C  t ACB Ψ  t  0 EDΨ  t :F is computed in semiclassical approximation. Within the
manifold we used Heller’s cellular dynamics [18] which takes into account the nonlin-
earity of the classical motion. In the transverse direction the time–propagation was done
using linearized dynamics only. This approximation neglects any recurrences from the
transverse directions and implies a permanent flux of probability out of the manifold
and its vicinity. On the time scales considered here, the linearization is justified since
the classical return probability to the manifold of transversely escaping trajectories is
negligible. It is also important to note that the loss of probability inside the manifold is
not severe since the transverse stability exponents are not too large.
We launch wave packets along periodic or aperiodic orbits lying within the invariant
manifold and consider their revival as measured by the autocorrelation function. To
achieve shorter recurrence times the initial packet was symmetrized with respect to the
reflection symmetry of the system within the invariant manifold.
We propagate such wave packets for the invariant manifold. For not too unstable
periodic orbits we expect a fairly strong revival after one period, known as the linear
revival [18]. As an example, we show in Fig. 3 the real part of the autocorrelation
function, calculated for a wave packet on a periodic orbit. We indeed find strong linear
revival. However, at larger times we find randomly scattered strong revivals. The revival
corresponding to twice the period is not dominant. This implies that a significant fraction
of the original amplitude remains near the invariant manifold, and that this fact is not
related to the periodic orbit we started on. Revivals calculated for packets started on
aperiodic orbits show similar features except for the obvious absence of the linear
revival.
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FIGURE 3. Autocorrelation function C H t I of a symmetrized wave packet launched on a periodic orbit
with period T inside the weakly unstable manifold. In addition to the linear revival around t J T2 , a strong
nonlinear revival is seen for larger times.
Thus, wave packets may have unusually long life times on certain invariant manifolds
characterized by small classical transverse instabilities. This is a quantum and not a
classical phenomenon and constitutes an extension of the concept of a scar [19].
SUMMARY
Low-dimensional invariant manifolds are part of the phase space for interacting many-
body systems with permutation and rotation symmetry. We presented coordinates that
are naturally adapted to an invariant manifold. There are several configurations of few-
body systems, where the motion on the invariant manifold corresponds to a vibration or
rotation and may be described in terms of Zickendraht’s coordinates, but differs when
the collective motion goes beyond that. These results are independent of the details of
the Hamiltonian of the N-body system, and are entirely determined by rotational and
permutational symmetry.
The importance of a given invariant manifold depends on its stability for motion
that is close to the manifold. There are few-body systems with invariant manifolds that
have vanishing [10, 12] or small [13] instability exponents in transversal directions.
Examples include collinear Helium [10], a chaotic, self-bound three-body system [12]
and a four-body systems with anharmonic interactions [13]. In these systems one finds an
enhancement in wave function amplitude close to the corresponding invariant manifolds,
or large revival probabilities for wave packets that are launched on such manifolds. For
low level densities the strong revival can result in individual, strongly scarred states
which should be identified with low-lying collective states. For high level densities the
strength of these modes will be divided among many individual states thus giving rise to
intermediate structure.
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